Abstract: This study analyses the achievable cooperative diversity order of the distributed linear convolutional space-time coding (DLC-STC) scheme for time-frequency asynchronous cooperative networks. The authors first prove that perfect time or frequency synchronisation is impractical for cooperative networks with multiple relays serving multiple destinations even when the relays know all accurate time delays and frequency offsets. Then the DLC-STC scheme, in which the exact time synchronisation at the relay nodes is unnecessary, is introduced into this type of cooperative networks. This study proves that the achievable time-frequency asynchronous cooperative diversity order of the DLC-STC scheme with maximum-likelihood receivers is equal to the number of relays. Simulation results verify the analysis.
Introduction
Wireless relay networks are a powerful alternative to multiple-antenna systems in terms of capacity and spectrum efficiency. Relay nodes in a wireless relay network can assist the source nodes in sending signals to the destination nodes. These relay nodes form a virtual antenna array.
Obviously, wireless relay systems can provide diversity gain, referred to as 'cooperative diversity' [1] [2] [3] [4] similar to the space diversity provided by multiple-input multipleoutput (MIMO) techniques.
Unlike MIMO systems, it may be difficult to realise accurate synchronisation among cooperation nodes because each node is not only spatially separated, but also operates with its own oscillator. Recently, this problem has been discussed in the literature [5] [6] [7] [8] [9] [10] . Besides the conventional methods of estimation and equalisation/detection at the destination node [5, 6] , other coding approaches are also proposed. One of the approaches is based on distributed space-time codes [7] [8] [9] [10] , which are insensitive to timing errors. In [7] , a distributed space-time coding scheme with full spatial diversity, is proposed for asynchronous wireless networks by employing orthogonal frequency division multiplexing (OFDM) to combat timing errors among relays. A family of distributed space-time trellis codes are proposed in [8] [9] [10] , which are tolerant of delays among cooperation relays. Another approach is space-frequency codes (SFCs) that preserve the diversity order when the relays have arbitrary frequency offsets. In [11] , two SFCs are designed and both of them can achieve the full-frequency asynchronous cooperative diversity with linear receivers.
The approaches above can only tolerate time or frequency asynchronisation. However, in some cases, there may be both time delays among the relay nodes and frequency offsets between relay nodes and destination nodes [12] . That is, it is both 'time and frequency asynchronous'. In this paper, under the assumption of both time delays and frequency offsets in cooperative communication networks, we theoretically analyse the achievable cooperative diversity of the distributed linear convolutional space-time codes (DLC-STCs), which have been recently found to be efficiency for time asynchronous cooperative networks with linear receivers [13] . We show that the DLC-STCs can achieve full time-frequency asynchronous cooperative diversity with maximum-likelihood (ML) receivers.
The main contributions of this paper are as follows:
cooperative diversity of the DLC-STCs with random time delays and frequency offsets. Simulation results are presented in Section 5 to verify the analysis. Conclusions are drawn in Section 6.
System model
In this paper, a cooperative network with multiple relays serving multiple destinations as shown in Fig. 1 is considered. The wireless channels between the relay nodes and the destination nodes are assumed to be quasi-static flat fading, that is, the channels remain unchanged during one data block and vary between blocks. The same as [10, 13] , we assume that there are two phases during one cooperative transmission. In the first phase, the source node broadcasts an information frame, denoted as s = [s 0 , s 1 , …, s N−1 ], to all the potential relay nodes. In the second phase, R relay nodes that have correctly decoded s are selected to retransmit. Each relay node encodes the received information into a coded frame using a distributed STC scheme, which will be discussed in the next section. Then, the coded frame is sent to the destination node.
In the system model above, there are different time delays t ij and frequency offsets f ij in the wireless links h ij between the ith relay node and the jth destination node because of the facts of different path lengths and oscillators. To deal with time delay and frequency offsets, one method is synchronisation, which is often adopted in wireless communication systems.
Without loss of generality, we study the network with two relays serving two destinations. Suppose t ij and f ij are known to both the transmitters and the receivers, which can be realised by some estimation and feedback methods. To achieve synchronisation, on the one hand, Relays 1 and 2 adjust the transmission time by j 1 and j 2 , respectively, and on the other hand, the frequency offset is pre-compensated by ε 1 and ε 2 in the signals sent from Relays 1 and 2. Denoting the signal correctly detected by the relays is s(t), the signals received by the two destination nodes are r 1 (t) = h 11 e j2p(1 1 −f 11 )t s(t + w 1 − t 11 )
where n i (t) is the Gaussian noise with the distribution of CN (0, s 2 n ) at the ith destination node. From (1) and (2), we can see the condition of the perfect time synchronisation is that the signals from different links arrive at the same destination node simultaneously, that is
The equation above can be described by a matrix equation as follows
If (4) can be solved, it means the time synchronisation is achieved successfully. Similarly, the condition that the frequency synchronisation can be achieved is
The equation can be described by a matrix equation as follows
If (6) can be solved, it means the frequency synchronisation is achieved successfully.
DLC-STC for time-frequency asynchronous cooperative networks
Before introducing the DLC-STC [13] into the cooperative communication networks with multiple destinations, let us see why synchronised STCs cannot be used in this kind of networks.
Probability of time and frequency synchronisation
Lemma 1: The time synchronisation for a network with two relays serving two destinations can be achieved successfully iff t 11 − t 21 = t 12 − t 22 .
Proof: The linear matrix equation Ax = b is solvable iff its augmented matrix [A|b] has the same rank with its coefficient matrix A, that is, R([A|b]) = R(A). In (4)
and the augmented matrix
It is obvious that 
Because the delays t ij are continuous variable with p.d.f. in (7), the probability that the optimal time synchronisation condition in Lemma 1 can be satisfied may be as small as zero. It is more meaningful to analyse the suboptimal time synchronisation for the cooperative networks with two destinations, where a small tolerant delay is remain in the signal if it can be absorbed into the channel coefficients. First, we have the following theorem. Proof: From Lemma 1, it can be seen that the probability of successful time synchronisation is equal to P(t 11 − t 21 = t 12 − t 22 ) . Let y 1 = t 11 − t 21 and y 2 = t 12 − t 22 . If the maximum tolerant delay is d, the probability of successful time synchronisation is equal to
Since t ij are i.i.d. with Gaussian distribution, the p.d.f of y = t 11 − t 21 − t 12 + t 22 can be written as follows
where
From Theorem 1, we can see that the probability only depends on the ratio of d to σ t . To demonstrate the probability of successful time synchronisation clearly, the curve of probability against γ = (d/σ t ) is shown in Fig. 2 , from which we can see that the probability to achieve fine time synchronisation is very low.
Note: It is not hard to understand that time synchronisation is becoming more difficult with the increasing in the number of relays or destinations. For the cases of more than two relays or destinations, the probability of time synchronisation is not larger than that of two relays and two destinations.
From (4) and (6), we see that the case of frequency synchronisation is similar to that of time synchronisation. The analysis is omitted for the aim of space saving.
DLC-STC for asynchronous cooperative networks
From Section 3.1, we can conclude that the asynchronous mode is reasonable for cooperative networks with multiple destinations since time and frequency synchronisation is too hard to achieve. In this subsection, we will introduce the DLC-STCs [13] into the time-frequency asynchronous cooperative networks.
It is assumed that the relays receive the same information symbols, which can be denoted as a data block s = [s 0 , s 1 , …, s N−1 ]. Then, at Relay r, a DLC-STC scheme [13] is applied to s to obtain a coded symbol vector c r as c r = s T (r) , where
where t (r) l , r = 1, 2, . . . , R; l = 1, 2, . . . , L are the coefficients of the generating polynomials of the DLC-STC, which can be denoted as vectors
L , r = 1, 2, . . . , R. The design of these coefficients should satisfy the shift-full-rank (SFR) property, which is studied in [8, 9] . The symbol sequences are protected with guard intervals by zero padding [10] to deal with the timing errors among the relays. The padding length t max must be larger than or equal to the maximum time delay between any two relays, so that neighbour code blocks will not interfere with each other. We assume that the transmission delay for the rth relay link t r , r = 1, 2, …, R is an integer multiple of the information symbol period T s since fractional delay can be absorbed into the channel coefficients. Without loss of generality, we assume that t 1 = 0 and t 1 ≤ t 2 ≤ · · · ≤ t R ≤ t max . The DLC-STC with delays can be reformulated into the equivalent forms given below [14] .
Equivalent generating polynomials x
t r p r (x) for relay r, r = 1, 2, …, R.
Equivalent generating matrix
where T (r) is a Toeplitz matrix formed by the coefficients of the generating polynomial p r (x). 3. Equivalent coded symbol vector c r = [0 1×t r , c r , 0 1×(t max −t r ) ], r = 1, 2, . . . , R, which is generated by the equivalent generating matrix as c r = sT (r) . 4. Equivalent code matrix C from the point of view of destinations is C = c
In [13] , the following theorem is given to show the diversity property of the DLC-STC. We rewrite the theorem below.
Theorem 2: For flat slow fading channels, a DLC-STC C can achieve full diversity with zero forcing (ZF), minimum mean square error (MMSE) and MMSE-decision feedback equalisation (DFE) receivers under any delay profile if and only if its generator polynomial set {p 1 (x), p 2 (x), …, p R (x)} is an SFR set, providing that the maximum delay t max is finite.
The proof of this theorem can be found in [13] , where it is first presented.
Designing a DLC-STC can be realised by constructing an SFR set, which has been studied in [9, 13] . Here we give some examples of constructing SFR polynomial sets.
1. Example 1 -Construction for R = 2: We start from {p 1 (x) = 1}. Since only one polynomial p 1 (x) = 1 is in the set, the greatest common divisor (GCD) is 1. We can choose two polynomials a(x) = x and q 3 (x) = x + 1, which satisfy a(x) ∤ q 3 (x) where X ∤ Y denotes X is an aliquant part of Y. (It should be noted that the chosen is not unique). The new set is {a(x)p 1 (x), q 3 (x)} = {x, x + 1}. Divided by the power constraint factor, the set becomes x/ 2 √ , ((x + 1)/(2)}. So we obtained the polynomial coefficient vectors t
2. Example 2 -Construction for R = 3: We start from {p 1 (x) = x, p 2 (x) = x + 1}, the result of R = 2, directly. The GCD of this set is 1. We choose two polynomials a(x) = x and q 4 (x) = x 2 + 1 (The chosen is not unique), which satisfy a(x)q 4 (x). The new set is obtained as {a(x)p 1 (x), a(x)p 2 (x), q 4 (x)} = {x 2 , x 2 + x, x 2 + 1}. Divided by the power constraint factor, the set becomes
Hence, we obtained the polynomial coefficient vectors of
4 Diversity of DLC-STC with random time delay and frequency offset
In this subsection, we will analyse the diversity of the DLC-STC scheme with time delays and frequency offsets between relays and destinations. Since the destinations detect signals individually, without loss of generality, we take destination D 1 as an example of the receiver and its index is omitted for simplicity. The channel response and the channel frequency offset (CFO) between the rth relay and the destination is denoted as h r and f r , which are time invariant during one block. 
where n [ C M ×1 is complex Gaussian noise with distribution CN 0, s
is the equivalent channel with the following format
where 
The time delays and frequency offsets are included in the equivalent channel H in (13) . From (13) and (14), we can see that although the wireless channels are assumed to be static in one block, the frequency offset makes the equivalent channel to be time variant within each block. Theorem 2 shows the DLC-STC constructed from an SFR set can achieve full asynchronous diversity in flat slow fading channels. To investigate the achievable asynchronous diversity in flat fast fading channels caused by frequency offsets, we first give the following definitions and lemmas.
Definition 1:
The matrix formed by the vectors of an SFR set as its rows is called an SFR matrix. Proof: Suppose b u×1 =b u×1 and substitute the two pairs of vectors to the equation, we obtain
Making a subtraction between (17) and (18), we obtain
Equation (19) can also be written as
Since Q u × k is an LCI matrix, q k cannot be expressed by a linear combination of q 1 , q 2 , …, q k−1 . From (20), we obtain s 0 −ŝ 0 = 0, which is incompatible with s 0 =ŝ 0 . Thus, we have b u×1 =b u×1 .
Theorem 3:
The DLC-STC scheme can achieve time asynchronous cooperative diversity order of R in fast fading channels with ML receivers, where R is the number of relays.
Proof: To prove this theorem, we first review the STC design criteria for fast fading Rayleigh channels [15] : In order to achieve the diversity vm in a fast fading environment with ML receivers, for any two codewords c andĉ the strings c 
which is formed by the SFR set t (1) (22)) where 0 = t 1 ≤ t 2 ≤ · · · ≤ t R is the delay profile of the links from the relays to the destination. The ith row jth column element in c corresponds to c i j in the code, which is transmitted by the ith relay at time slot j. In our case, the number of receive antennas is m = 1, the number of transmit antennas n = R and the equivalent block length l = N + R + t max − 1. To prove the DLC-STC can achieve full diversity (In our case the maximum diversity is R.) with ML receivers, we only need to prove that any two codewords c andĉ formed by two different signals blocks
Since s =ŝ, there is at least one different element between these two signals. Without loss of generality, we suppose that s 0 =ŝ 0 . In fact, if s 0 =ŝ 0 and s j =ŝ j , we can exchange the position of these two symbols, which does not influence the bit error rate (BER).
Next, we will give the proof of Theorem 3. In (22), the last time slot dependent on s 0 is t = t R + R. At this time slot, the relationship between the input and the output is (see (23)) In fact, for each time slot t, we can always express the correlation between the input and the output as follows
Here, Q (t) is the parameter matrix for time slot t; t and s (t) are the symbols correspond to the output code c t at time slot t.
The parameter matrix for time slot t = t R + R can be denoted as Q (t R +R) = [q 1 , q 2 , . . . , q (t R +R) ]. In (22), we note that the parameter matrix for time slot t < t R + R is the submatrix formed by the first t columns of Q (t R +R) , that is,
Since M R is an SFR matrix, Q (t R +R) is a full row rank matrix and its rank is R. Then Q (t R +R) has at least R columns that cannot be expressed as a linear combination of other columns. Thus, there are at least R parameter matrices Q (t) (1 ≤ t ≤ t R + R), which are LCI matrices. From Lemma 2, we know that if the parameter matrix is an LCI matrix for this time slot, the output code at this time slot is
Although frequency offsets make the channel to be fast fading, the DLC-STC scheme can achieve time asynchronous cooperative diversity of R in this channel with ML receivers. Thus, this scheme can achieve full time-frequency asynchronous cooperative diversity with ML receivers.
Simulation results
In this section, we evaluate the analysis by simulations. In simulations, the wireless channels are assumed to be quasi-static Rayleigh flat-fading channels. The delays from the relays are uniformly distributed in [0, t max ]. The length of each symbol block is 20. The maximum delay t max and zero-padding length are both 4. The constellation we used is quadrature phase shift keying (QPSK). We compare the BER performance against SNRs for two schemes: DLC-STC scheme and decoding and forward scheme (DF) [16] . Both the two schemes are evaluated with MMSE receivers [17] , MMSE-DFE receivers [18, 19] and maximum-likelihood sequence detection (MLSD) receivers [20] , which have the same performance as ML receivers but have lower complexity. Since the destination nodes detect the received signal individually, we only need to investigate the BER performance of one destination node. The number of loops for each Monte Carlo simulation is 10 6 . Before the simulation results are shown, let us first see the receiver structures taking the MMSE-DFE receivers [18, 19] as the example.
We assume that the channel information including channel coefficients h r , the delays t r and the CFOs f r are perfectly known by the receivers. That is, the receivers know the equivalent channel H. The block MMSE-DFE equaliser is to design feedforward filter-matrix F and feedback filter-matrix B satisfying [19] {F, B} = arg min
where B is a zero diagonal lower triangular matrix andŝ is the past decision, which is assumed correct.
H , where L is a monic lower triangular matrix and D is a diagonal matrix. Then the block MMSE-DFE can be given by [21] : T has been detected, we obtain thatŝ i = Q(z i − b * iŝi−1 ). 3. The process in step 2 is repeated until all the N symbols are detected.
Simulation one-performance without frequency offset
In this simulation, it is assumed that there is no frequency offset in the received signals. That is, only time delay is in consideration. Figs. 3 and 4 show the BER performance against signal-to-noise ratio (SNR) of two-relay and three-relay networks, respectively. We see that DLC-STC scheme can achieve full time asynchronous diversity with MMSE, MMSE-DFE and MLSD receivers, while DF scheme cannot. Both the two schemes achieve the best performance with MLSD receivers. Meanwhile, both DLC-STC and DF schemes can achieve a better performance with MMSE-DFE receivers than MMSE receivers. And the performance improvement is much larger in three-relay systems than two-relay systems.
Simulation two-performance with both time delays and frequency offsets
In this simulation, both time delay and frequency offset are in consideration. The frequency offset is measured by the normalised frequency offset defined asf r = (f r /f s ) = f r T s . Figs. 5 and 6, respectively, show the BER performance against SNR of two-relay and three-relay networks when the normalised frequency offsets of all the wireless links are i.i.d. normal distribution with zero mean and variance s 2 f = 0.25. From these two figures, we can see that DLC-STC scheme can achieve full time-frequency asynchronous diversity with MLSD receivers, while DF scheme cannot. Frequency offsets degrade the performance of DLC-STC scheme, while their effects upon DF scheme are not obvious. With MMSE receivers, the performance of DLC-STC scheme is not good and DF scheme outperforms DLC-STC scheme. From Figs. 5 and 6, we can see the performance of DLC-STC-MMSE of three relays is worse than that of two relays. This is because there is random frequency offset in each relay and the DLC-STC scheme cannot gather diversity with MMSE receivers, the receive SNR of three relays may be lower than that of two relays. However, DLC-STC scheme achieves a better performance than DF scheme at high SNR with MMSE-DFE or MLSD receivers. From all the figures, we also find that MMSE-DFE receivers outperform MMSE receivers whether there are frequency offsets or not and have the same slope as MLSD receivers. Fig. 7 shows the BER performance vs. s 2 f when SNR = 25 dB for three-relay link. We note that MLSD receivers achieve the best performance for both the two schemes. DLC-STC scheme benefits from MMSE-DFE receivers much more than the DF scheme. When s 2 f ≤ 0.05, the performance of the DLC-STC schemes increases faster than that of the other three DF schemes with the decreasing in s 
Conclusions
This paper first investigated the feasibility of time and frequency synchronisation in cooperative networks with multiple relays serving multiple destinations and proved that asynchronous mode is more feasible for this type of networks. Then, the DLC-STC was introduced into the time and frequency asynchronous cooperative networks. With ML receivers, the DLC-STC scheme can achieve full timefrequency asynchronous cooperative diversity order of R, which is the number of relay nodes used for retransmission.
Although the theoretical analysis only shows the DLC-STC scheme achieves full time-frequency asynchronous cooperative diversity with ML receivers, the numerical results show that the MMSE-DFE receivers work well for the DLC-STC scheme with frequency offsets and achieve the same diversity as the ML receivers while the MMSE receivers do not. 
